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Sufficient Output Conditions for Identifiability in Blind Equalization

Dawei Huang and Fredrik Gustafsson

Abstract—The problem of input identifiability in blind decon-
volution is considered where the input belongs to a known discrete .
alphabet. Input identifiability is an algorithm independent prop- — Channel Equalizer —
erty, which does not necessarily imply channel identifiability.
Sufficient conditions for input identifiability are derived in terms
of algebraic relations on the observed output. It is shown how
these new results relate to and unify other known sufficient

Fig. 1. A digital communication system.

conditions.
Index Terms—Blind equalization, deconvolution, equalizers, whereb; are real valued channel parameters and the data
parameter estimation. takes values in the alphabgt-1,£3,---, (M — 1), where
M is a positive and even integer.
;o
| INTRODUCTION The vector (or sequencéy,,as,---,a,) will be denoted
) o i o _.a", and o, denotes the vectofa,,, am+1, -, a,), where
HE typical a'pplllcatlon of blind decpnvolytlon is |nad.|g|—/ means transpose. The vector of theimpulse response
tal communication system as depicted in Fig. 1. A sign@pefficients of the channel is denoted= (by,- . by)".

a, taken from a finite alphabet is distorted by a linear and \ye can rewrite (1) in vector form as
time-invariant communication channel. The received signal

is processed in an equalizer and the output is denatedhe g  Gg—1 - G2 ay b
goal is to design the equalizer such thgtis as similar toa,, 4 — [%+l % 63 az ba ) _ T,(a™)b
as possible. In the case of unknown sigiaaland channel, we ! ’ ’ R ) )
have the problem oblind equalization Gn  Gn-1 - Gneg1d Lby @

The majority of the literature on blind equalization deals " ' : L
. 4 Where T, (a™) defines a Toeplitz matrix witly columns and
with the question of convergence of parameter values fromeﬁa mentsa®

specific algorithm to those of the unknown channel inverseIlc the input sequence is known, the parameters can be
which is termed admissibility [1], [2], [5]. In contrast, thereComputed by '
is limited work directed toward determining conditions on
the channel output that permit the input data sequence to b= (Tq(a")’Tq(a"))_qu(a")’xZ. (3)

be identified often without recourse to assumptions on the

statistics of the input, which is termed identifiability [4], [6],YV& define the following condition on the inverse to exist.

[7]. Identifiability is a fundamental algorithm independent Definition 1: The input is said to bepersistently exciting
concept that, for example, implies bounds on how fast practid®lE) of orderk at timen if 7;.(a™) has full (column) rank.

blind algorithms can possibly converge. The conclusion of this That is, to determine the channel, the input must be PE of
paper is that the input can be determined as soon as we hatjer ¢. This definition is quite common in adaptive control,
found a linear combination,,, + z,, --- + x,,, = 0 for any S€e, €.g., [3], although a similar asymptotic condition is more
m. We will also relate this result to the sufficient condition§ommon in system identification. However, the main purpose
for identifiability given in [4] and [7]. of this paper is to identify the input, and generally it is easier
to estimate the input to a linear, time-invariant system than to
identify the coefficients in the system.

] S Definition 2: The input is said to bédentifiable from the
Consider the following finite impulse response (FIR) charspservations at time if the sequence” can be determined

Il. PROBLEM FORMULATION AND NOTATION

nel model up to a constant from the sequence?.
a1 That the constant is unavoidable is easily realized from
Tn = Zbk+1an—k, q=2 (1) (2). If ca,, defines another permissible input sequence, with
k=0 elements in the given finite alphabet, then the charnéb
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there does not exist a linear combination with coefficients in Finally, for complex input and channel response, these
this set that equals zero, e.g;ps + z4b; = 0. The following results are generalized by studying the real and imaginary part

four integer sets will be used: separately. Then it suffices that linear combinations as above
of either the real or the imaginary part of, have appeared
Zy ={0,£2,.-- £2(M - 1)} 4)  twice.
Zy={0,+£1, -, £47H(M — 1)711} (5)
_ +1 +1 ;
Z3 = {0’ F1,--, 8TH(M - 1)1 } (6) B. Relation to Known Results

Zpe = {0, £1, 0, E2(M - 1)2H g1 2 (ng — g + 1)q}- (7)  The following sufficient condition is given in [7]:

_ _ _ _ e The input is identifiable if there exists four times
In (7), no denotes the first time instant wheit® is PE of ,, p, 53 5, with [ni—n;| > g, ¥4, j, where afirst condition is
order q.

Tny =Ty Tng = Tny

Tpy—1 FTny—1 Tpz—1 7 Tpy—1 (12)

I1l. SUFFICIENT CONDITIONS FOR IDENTIFIABILITY

This section presents the main theorem and points at some
generalizations. Then a summary of known sufficient condi-
tions for identifiability is given and the relation to our result@nd second condition is given fer, ; — z,,4; andz,,, 4; —

is pointed out. Tpy4e fOri=12...,¢g-1
The second condition and the algorithm are too complicated
A. New Results to be reviewed here. The first condition means that the

The following th that if (h i observations can be divided into four nonoverlapping blocks,
€ foflowing theorem says that It we get o ConseculiVg,q o the |ast observations are pairwise equal. We see that the

obset;vago?s Of thg sarrt1e magnlttud(i, then the input sequegﬁ?put condition in (10) is strictly less restrictive. On the other
can be determined up to a constant. hand, there is no condition on the channel in [7].

Theorem 1: The input sequence™, n > q, .is identi'fiable if The result in [4] is as follows.
1) the channel parametebs, - --, b, are linearly indepen- Necessary conditionThe input sequence and channel
dent overZ, defined in (3). parameters are identifiabtanly if the input sequence is
2) Foré = +1, we have PE of order2q — 1.
£, =65, 1 (8) « Sufficient condition The input sequence and channel
parameters are identifiabié the input sequence is PE
Tn—1 7 6002 ©) of order 2¢ — 1 and the true parameters are linearly

The proof is given in the Appendix. Here we remark that the independent ove,. as defined in (7).
conditions of the theorem can be satisfied with any degri®te that the condition of the signal concerns the input signal,
of PE. This means that the input can be identifiable and styhich is not observable, in contrast to the new condition on
it may not be possible to determine the channel coefficientge received signal.
Note that if condition (9) is not satisfied, both conditions (8) In a sense, the sufficient condition in [4] is a limiting case
and (9) should be satisfied at an earlier time. Otherwise, W&the conditions given here. As the number of observations
have observed the same signal all the time (perhaps with iarthe linear combinations increases, the integer set increases.
alternating sign), which implies that the input sequence hite thatZ, C Z, C Z3 C Z,.. Thatis, whenz,, is about as
been constant (or has had an alternating sign), see Lemméaige asZ,., there must be a linear combination of the form
and the definition of input identifiability holds. (11) which is satisfied, if there is a solution at all.

With the same type of proof, we are able to show that it
suffices that two observations are of the same magnitudecat

. An Example
any time ] ) )
Suppose that we have five observations from a binary
Tpn =0Zm channel of ordely = 3: z; = 1,20 = —5,23 = —1,24 =
Tt £ 6Tm_1. (10) 7,z5; =7.We can assume that = +1. Then, sincery = z;,

we have from Lemma &5 = a4 = a3 = a2 # a1. Thus,
If the integer set is extended 6, then we can go on and

consider linear combinations of three observations o 1 1 Uy g
T+ 01&m + G2z, =0 T2 =5 1 -1 U2 bo
T3 =|-1 = 1 1 -1 bl
Tn—1 + 01T m—1 + S2xp_1 #0 (12) T4 7 1 1 1| |b,
whereé; = £1. This can be further generalized to linear com- L5 7 1 1 1
bination ofm observationsg,,, + 61%,, + -+ Om—12n,, =
0, and the integer sets need to be generalizedZtp = Hereu; = ag andus = a_;. There are five unknowns in

{0,£1,- -, F2mletD(pr — 1)aH], four independent (bilinear) equations. However, we can find a
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TABLE |
Combination(u. , u2) (11) (1,-1) (-1,1) (-1,-1)
Prediction VectorH (u,, u2) (3331 [5.0.5.10  [3.3.0.1]  [5.0.0.1]
Prediction ErrorH (u, u2)X -6 0 -2 4

unique solution through the following steps. First, we have B. Proof of Theorem 1
Consider the case,, 1 = z,, the other case, | = —z,

T1 — T4 —6 -2 wux—1 wu;—1 b is treated similarly. From Lemma 1 we have
0
X = X9 — T4 _ —12 _ 0 -2 U9 — 1 bl ] Tpg1
T3 — T4 -8 0 0 -2
bo Tn—q
Tq 7 1 1 1
(13)

Compare withP defined in (15), and the expressions (17) Tp_2
and (18). Then, using (16) to compute the prediction vector | z,_;

H(uy,us), we get the results shown in Table . Tn
_ Thus, the combination cqrrespond_ingkb(ul,yQ)X =0, _ Un g 1 Gnog2 - Gn 2941 On 2
i.e., u1 = 1 andus, = —1, is the unique solution. Then it a Un—go1 * Op_2g42  Gp_2g+1
follows from (13) that . ) .
= b.
) a a e a Ap—q—1
bo -2 -2 0 —6 1 a a a a
bhl=1] 0 —2 =2 -12| =1{2]. a a a a
bo 0 0 -2 -8 4 (14)
o ) Let
That is, in this case we can compute the true system
Uy — U Uy — U - Ug — U
0 Uy — U Ug—1 — U
o1 17 -1 -1 1 Plug. ) =
9 5 1 -1 —1|[1 (w1, ugs )
wl=]-1]=1 1 -1||2 0 0 - wm-u
T4 7 11 1|4 u
s 7 11 1 (15)
be a(¢+1)x ¢ matrix. Itis of rankg, so we can uniquely define
Note that the first, rather conservative, condition in Theoregprediction vector (uy, ua, - -+, ug; u) = [h1, ha, -+, hq, 1]
1 is not satisfied, but we still get a unique solution. by
H(up g, sugsu) Plug, ug, - -+ uggu) = 0. (16)
APPENDIX If we plug in the true input symbols in (16), then we can write
PROOF OF THE THEOREM H(Gp—g1, s On2g; a)(a?Z:g,l — 1) (17)
= H(an—q—lv Tty Gn—2gq; C‘)P(an—q—la Tty An—2q; a)b
A. A Preliminary Lemma - 0. (18)

A key observation is given in the following lemma.
Lemma 1: Supposeb is linearly independent orZ; =
{0,£2,---,+£2(M — 1)}. Then

Now it can be shown that the elementsA in (18) belong

HPb=0is equivalent toH P = 0. The practical implication
is as follows: if we have found ai satisfying (17), we have
Tn =Tptl © Opgl = 0p =+ = Gp_gtl = G, found the H making HP = 0 and thus also one possible

Tn = —anp1 © (=1)%appy = (=1 la, = - solution to the blind equalization problem.

= On—gtl = O need to show that the soluticH P = 0 is unique. Suppose
there is another matri®, so thatd P = H P = 0. Evaluating
Proof: Immediate by writing outz, + x,4+1 = only the first column and using the structurefofind H gives

EZ;E but1(an—1 £ an_py1). The coefficients ofb; belong hi(uy —u)+uw = 0= hy(w; — @)+ =, which (usinghy # 0)
to Z;, so by assumption the right-hand side is different fronmplies« = ¢z andw; = ¢u;. By studying the second column

to Z,, so the assumption of linear independence implies that

We know by assumption that there is a solution. We only

zero except when all coefficients are zero. O we getus = cuz, and so on. That is, the input sequence is

That is, ifz, 1 +x, = 0, we can conclude that the inputuniquely identified up to a constant which is the definition
has been constant (or alternating) for exagth 1 samples. of input identifiability.
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