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The Stationary Phase Error Distribution of a Digital Phase-Locked Loop

Glen Skiller and Dawei Huang

Abstract—The stationary properties of a first-order digital a continuous random variable, and we only discretize certain
phase-locked loop based on the extended Kalman filter (EKF-PLL) fynctions operating on this variable.
are investigated. A discrete Markov chain approximation of the The signal under consideration is of the form
phase error process is used to derive the asymptotic distribution
of the phase error as well as the distribution of the time at which

the EKF-PLL is first “out of lock,” given that it is in a steady state Ty =1+ up,up ~ N(0,0%)
to begin with. These approximations are compared with large sin z
computer simulations. Yt = [cos a:j + vy, vp ~ N(0,621) Q)

Index Terms—Discrete Markov chain, phase-locked loop, sta-
tionary distribution, time “out of lock”. wherey, is the observed signal at tintiendz; is the sequence
being tracked by the PLL. Since the sampling rate can be chosen
so thatz, is slowly varying in most applications and because of
bandwidth constraints in communications, we will assume that
HE phase-locked loop (PLL) has been an integral tool i « 1. Also, we can assume thaf = 1 since the quantity
the area of communications for several decades. Basicallyimportance is the signal-to-noise ratio (SNR) and this can be
a feedback device for tracking the phase of an oscillating signgried through. Foro? = 1, the logarithmic SNR (in decibels)
it has been widely studied and comes in many forms, includinggiven bySNR. = 10log,,(A2/2).
the so-called digital PLL (DPLL) and software PLL [2]. Here, The particular PLL to be investigated is the limit EKF corre-

we consider a popular version of the PLL derived from the e¥ponding to model (1), which was derived in [1] and is given by
tended Kalman filter (EKF) [1], referred to as the EKF-PLL.

A good indication of a PLL's performance is given by the By = @1 + K[cos iy
limit probability density function (pdf) of its phase error.
A closed form of this function for an analog PLL in thewhereK = 20, /(\/A202 + 4 + Ac,).
fixed-frequency case was derived in [9]. However, no exactThe method of computing the approximate limit pdf is dis-
closed form of this function for a DPLL has been foundecyssed in the next section. In Section Ill, the time until the
Methods of approximating the limit pdf have been proposetkF-pLL is “out of lock” is discussed and equations for its ap-
in [11], [4], [10], and [6], where types of DPLL known asproximate distribution are given. Section IV contains examples
the zero-crossing DPLL (ZCDPLL) and digital tanlock loopand comparisons of our results with simulated approximations.

(DTL) were considered. In [7], quantization effects in ection V contains a summary of the work.
ZCDPLL were taken into account allowing the limit pdf of

the phase error to be derived using discrete Markov chain
(DMC) techniques. The ZCDPLL and DTL are based on
nonuniform sampling rates, and the authors of these works
considered only a constant or linearly changing phase. Theoretically, the unrestricted phase error proagss &; —

The EKF-PLL considered here operates on a uniformly sar iS not ergodic, so a unique stationary pdf will not exist. For
pled signal with random walk phase. We present a novel methiéds reason, we consider the procéss= ,mod2x, which is
for approximating the limit pdf as well as the distribution ofestricted to the range-, 7]. In practice, however, whemn;
the first time at which the EKF-PLL is “out of lock” given thatis small and the SNR is large enough, the properties of both
it is in a steady state to begin with. The method of calculatidifocesses are the same.
is based on approximating the phase error process by a DMcUnder the assumption thaf, < 1, the transition pdf of:,
This method is similar to that in [7], where the mean time t6an be shown to be given approximately by [8]
an “out-of-lock” state was also calculated, but in that case the
discretization was intrinsic to the PLL and the resulting phagéz|y) =Pr {z, = z|#;_1 = y}
error difference equation. In our case, the phase error is always

I. INTRODUCTION
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Il. LimiT PDF OF THE PHASE ERROR AND
ITS SUPPORTINGREGION

1
~ Z Glz;y — Lsiny — 2kn, (1—Lcosy)?o? + K?]
k=—1
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distribution, and it is continuous op-=, 7] ([5, Theorem 1,

p. 265]). This limit pdf is the solutiom () to the steady-state

Chapman—Kolmogorov equation

The aim of our method is to approximate the quantities

m(z) = p(xly)m(y) dy. 3)

Cn+41
7rN7n=/ m(x) dz, n=01,---,N—-1
C.

i

for some choice of¢,,, n = 0,1,--

-, N}. It can be shown [8]
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that = (x) is symmetric about 0, so we only need to consider

approximating one side. Also, values ofz) toward the tail,

i.e., towardrz = &, can be negligible, so we can assume that

m(xz) = 0 wheneverlz| > C for someC < w. We therefore
choosec,,, n = 0,1,---, N to satisfy
l0<e < <ey=0C<m.

Obviously, as we increas¥ and choose,,, n = 0,1,--- | N

Then
—-1__ 1 _anl_loén
0 1
%97 enotimar oo
0 (’Vn_ﬁnanl_lan)_l _ﬁnanl_l 1
and
N 0
7,0 0
s | T | (1L A 1| -
e | 5|
R 0
Tnn—1 6n
Step 3) If:

a) n < Nandmax{f, ,—1, |Tnj—Tn-1;],J =
0,1,---,n—2} < (2C/2N — 1)e for some
smalle, letC =¢,, = (2n—1/2N —1)C and
go to Step 1), or

b) » = N, the algorithm is finished.

Otherwise, let» = n + 1 and repeat Step 2).

It can be shown using the theory of finite elements (see, for

so thatmax,, (¢, — ¢,—1) — 0a@sN — oo, the set of values example, [3, Theorem 4.4.20, p. 107]) thhy — LIy asN —

{mnn/(Chs1 —cn), n = 0,1,---, N — 1} will approach the
actual functionn(x).

A procedure for choosing and{c¢,, » = 0,1,---, N} and
calculating the approximatioﬁN = [AnoFng e Ainn—1]t
for a given value ofV is outlined as follows.

Start withC = .

Step 1) Form the partition

2n —1

= =0.1.---.N.
cn/ 2N _ 1 I n 07 I I
Let
Cn + Cn+41
d, = —>—""
) 2
d_,=-d, n=0,1,---,N—1
and
. p(d;|d)
Pik = N_1 . ;
pOldr) + > [p(dildi) + p(dild_)]
=1
j=01,- N—1L;k=1-N,---,0,---,N — 1.
Set

n=1 lel and ﬁlzl
Step 2) For each > 2, let

n =12 Prn-1+P11-n DP2n-1+P21-n
Drn—2,n—1 +I3n—2,1—n]/

Brn =[Prn-1,0 Prn-11+DPn-1,-1 Pn-12+Pn-1,2
Prn—1,n—2 + Pn—1,2-n]

Vn =Pn-1a—1 + Pnt,1-n — 1

n = Ball,_.

oo, S0 the approximation approaches the true function) as
N increases.

Ill. THE FIRST TIME “OUT OF LOCK”

We can use our method of approximation to obtain other in-
formation about the EKF-PLL such as the distributio¥othe
length of time the EKF-PLL runs until it becomes “out of lock,”
given that it begins in a steady state. A PLL is said to be “out of
lock” when

7)) = |2y — 24 > 7.

As mentioned previously, whem? < 1 and the SNR is not
too low, we can investigate, instead ofi;. We defineT” to be
smallest value of for which

|| > en—1

whereZg is assumed to be distributed accordingnie). To

achieve the best possible accuracy for a given valu®’ ofve

will assumeC = 7 so thatey—1 = (2N — 3)w /(2N — 1).
The approximate distribution &f is given by [8]

Un(t) =Pr {T =1t}

. 27ATN7N_1, t=20
- (1 — 2’7ATN7N_1)(1 — q)qtil, t> 1
where
27N N— . )
g=1- — (I —DPn—1,n—1 —DPN-1,1-N)-

From this, we can show that the mearilofs approximately

1—2%n N

E{T} = TN,N—1
1—gq
IV. EXAMPLES

In these examples, we calculatey and VN (t) for three
different signals and compare them with simulated approxima-
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Fig. 1. (a) Approximate (-) and simulated () 7 (). (b) Approximate (-) and simulated-(-) R(T3;). (i) 2 = 0.02, SNR = -5, (ii) 02 = 0.035,SNR =
—2.5, (iii) 2 = 0.05, SNR = 0.

tior]s.N = 100 ande = 0.00001 were used in the calculation V. CONCLUSIONS
of ITy while N = 50 has been used to compuke, (¢). Instead

. . We have examined the properties of the phase error resultin
of plotting ¥ (), the function prop P g

from the EKF-PLL which tracks a random walk phase. A novel

, method of approximating the limit pdf of the phase error based
on DMC techniques was developed. The approximate limit pdf

R(t) =Pr{I' >t} =1- Z U (t). was shown in simulations to be very accurate. Also considered

=0 was the length of time the EKF-PLL runs until it is “out of lock.”

The distribution of this time was derived but differed from sim-

ulation results due to possible numerical difficulties. Regardless

of this, the method of calculation is still of interest.

is considered.

The simulated approximations Hfy are based on 1000 sim-
ulated realizations of,, ¢ = 500,501, - - -, 1500, i.e., a total of
1000 000 observations. The simulated approximations(of
are based oninitializing the phase error process accord]ﬁgrto

200 times and observing the first times at whigh > cy_,. [ 2 .D-Q- Anderson and 3. B Moor@ptimal Fitering - Englewood
If we denote these times b, ¢ = 1,2, ---,200, thenthe sim-  [5] R. E. Best, Phase-Locked Loops: Theory, Design, and Applica-
ulated approximation aR(T;) is given by tions New York: McGraw-Hill, 1993.
[3] S. C.Brenner and L. R. Scofthe Mathematical Theory of Finite Ele-
. ment Methods New York: Springer-Verlag, 1994.
R(T) _ 200 —4 [4] C. M. Chie, “Mathematical analogies between first-order digital and
Y 900 analog phase-locked loopdEEE Trans. Communvol. COM-26, pp.
860-865, 1978.
[5] W. Feller, An Introduction to Probability Theory and Its Applications,
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