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TABLE 11
STABILIZATION RESULTS — p = 4
Method a, a, a; a, d(a, b)

Unstable 2.100 -3.300 1.700 —0.800 —

(a) 0.266 —0.418 0.215 -0.101 3.79

(b) 1.278 —1.256 0.539 -0.183 2.57

©) 1.035 —1.627 0.838 —0.394 2.20

(G 1.614 -1.954 0.942 —0.383 1.67

(e) 1.539 —1.944 1.251 —0.800 1.53

f) 2.192 -2.992 1.954 —0.794 0.41

TABLE III
STABILIZATION RESULTS — p = 8
Method a, a, a, a, as ag a; ag d(a, b)

Unstable —6.000 —12.00 —10.00 2.000 13.00 10.00 4.000 0.800 -
(a) -0.104 -0.208 -0.173 0.035 0.225 0.173 0.069 0.014 234
(b) -1.710 —-0.949 0.589 1.376  1.037 0.441 0.109 0.012 224
©) -0.199 -0.398 -0.332 0.066 0.431 0.332 0.133  0.027 23.1
d) -2.983 -3.363 -0.831 2.417 3.206 1.847 0.607 0.097 18.5
(e) 0.407 1.921 —-1.500 —0.043 1.779 —1.679 -0.686 0.800 24.4
) -5.594 -11.97 -10.35 2.027 11.97 10.35 3.972  0.595 1.23

gorithm proceeds by steepest descent in the stability hypercube of
the reflection space and was seen to converge efficiently to a so-
lution under mild conditions. Besides being needed for ARMA set
theoretic identification by successive projections, the method is also
of interest in problems where it is needed to stabilize and render
invertible a system while perturbing the least its coefficients. Thus,
it finds applications in areas such as time series analysis, control,
system identification, spectral estimation, and linear prediction.

REFERENCES

[1] O. D. Anderson, ‘‘The recursive nature of the stationarity and inver-
tibility restraints on the parameters of mixed autoregressive-moving
average processes,’’ Biometrika, vol. 62, no. 3, pp. 704-706, Dec.
1975.

[2] O. Barndorff-Nielsen and G. Schou, *‘On the parametrization of au-
toregressive models by partial autocorrelations,”” J. Multivariate
Anal., vol. 3, no. 4, pp. 408-419, Dec. 1973.

31 M. G. Bellanger, Adaptive Digital Filters and Signal Analysis. New
York: Marcel Dekker, 1987.

[4] M. Benidir and B. Picinbono, ‘‘Nonconvexity of the stability domain
of digital filters,”* IEEE Trans. Acoust., Speech, Signal Processing,
vol. ASSP-38, no. 8, pp. 1459-1460, Aug. 1990.

[5] A. Blanc-Lapierre and B. Picinbono, Fonctions Aléatoires.
Masson, 1981.

[6] P. L. Combettes and H. J. Trussell, ‘‘Method of successive projec-
tions for finding a common point of sets in metric spaces,”’ J. Opri-
mization Theory Appl., vol. 67, no. 3, pp. 487-507, Dec. 1990.

[7] P. Erdés, *‘Some remarks on the measurability of certain sets,’’ Bull.
Amer. Math. Soc., vol. 51, no. 10, pp. 728-731, Oct. 1945.

[8] E. L. Jury, “‘A simplified stability criterion for linear discrete sys-
tems,”’ Proc. IRE, vol. 50, no. 6, pp. 1493-1500, June 1962.

9] N. Levinson, ‘‘The Wiener RMS (root mean square) error criterion
in filter design and prediction,”” J. Math.. Phys., vol. 25, pp. 261~
278, 1946.

[10) D. G. Luenberger, Linear and Nonlinear Programming, second ed.
Redwood City, CA: Addison-Wesley, 1984.

[11] J. F. Monahan, ‘‘Reparameterizations for the stability region in
ARMA time series models,”” Res. Memo. 244, Inst. Stat. Math.,
North Carolina State Univ., Raleigh, NC, Oct. 1982.

[12] R. L. Moses and D. Liu, ‘‘Determining the closest stable polynomial
to an unstable one,’’ IEEE Trans. Signal Processing, vol. 39, no. 4,
pp- 901-906, Apr. 1991.

Paris:

[13] B. Picinbono and M. Benidir, ‘‘Some properties of lattice autore-
gressive filters,”” IEEE Trans. Acoust., Speech, Signal Processing,
vol. ASSP-34, no. 2, pp. 342-349, Apr. 1986.

[14] E. Polak, Computational Methods in Optimization: A Unified Ap-
proach. New York: Academic, 1971.

[15] S. Shlien, ‘‘A geometric description of stable linear predictive coding
digital filter,”” IEEE Trans. Inform. Theory, vol. IT-31, no. 4, pp.
545-548, July 1985.

[16] J. Wise, “‘Stationarity conditions for stochastic processes of the au-
toregressive and moving-average type,’’ Biometrika, vol. 43, pp. 215~
219, June 1956.

[17] S. Wolfram, Mathematica: A System for Doing Mathematics by Com-
puter. Redwood City, CA: Addison-Wesley, 1988.

Symmetric Solutions and Eigenvalue Problems of
Toeplitz Systems

Dawei Huang

Abstract—Algorithms and properties of symmetric solutions of a
Toeplitz system are studied and applied to an eigenvalue problem and
Pisarenko’s method.

I. INTRODUCTION

The symmetric Toeplitz matrix has been studied and applied in
digital signal processing extensively. A very important reason is
the popular Levinson recursion. Some recent works relevant to the
Levinson algorithm involve the minimum cigenvalue-eigenvector
of the Toeplitz matrix [1], [2], which suggest fast algorithms for
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Pisarenko’s harmonic decomposition. Also, a new algorithm [3],
which solves the Yule-Walker equation more efficiently, has been
reported. The crucial point of this algorithm is that the classical
prediction polynomial can be recovered from two successive ‘sin-
gular predictor polynomials.”” Thus, for calculating the classical
solutions, we only need about one-half of the computational cost
in multiplication of the Levinson algorithm, but there is no gain in
addition. Later, a lag-two recursion to calculate the odd or even
symmetric (antisymmetric) solutions with less cost in addition and
the same cost in multiplication was developed in [4]. However,
according to the author: ‘‘Its drawback comes from the fact that
the linear prediction coefficients may not be recovered in a simple
way.”’ [4].

In this correspondence, we obtain an algorithm to solve the above
problem. Also, we show that the numbers of positive and negative
eigenvalues associated with symmetric (antisymmetric) eigenvec-
tors are same as the numbers of positive and negative predictor
errors of symmetric (antisymmetric) filters. Based on the odd sym-
metric solutions and the property that all roots of symmetric and
antisymmetric filters are on the unite circle, a new method for
Pisarenko’s decomposition is introduced. Compared with the meth-
ods suggested in [1] and [2], our method reduces the number of
iteration and the computational cost in each iteration considerably.
Moreover, we obtain a general method to deal with the eigenvalue
problem for symmetric matrices with a high order of convergence.

II. SYMMETRIC AND ANTISYMMETRIC PREDICTION

It is well known that the solution

1 o on T, 1 g,
®n AT T bn
Tn .I = .1 .0 . ! .l = (21)
¢nm Tn Th—t """ 1o ¢nm 0

has played a very important role in signal processing and time se-
ries analysis. Let ®, = [1, ¢y, * * * , ®nl’- The significance of
such a solution in a prediction problem is that o, = ®17,%, =
min, a’ T,a, when T,_, = 0, where the minimum is taken over
all (n + 1)-dimensional vectors with first component 1. In this
correspondence, we discuss the following solutions of a linear sys-
tem:

[~ 1] 1 Sp
T rn o r
ay 0 1 +1 a, 0
. r] ro e r’l . .
LT I el I
Qpn QAun 0
T, T, T
1 n+1 n 0 L 1 5
2.2)
1] [ 1 t,
T T M ¢
by 0 1 n+i b, 0
: L8 o " T :
LN A Rl IR i
bun o : bpy 0
7, r, °°r
| 1 n+1 n 0 1 *t,,
(2.3)
If such A, = [1, @y, "~ , Guy, 117 and B, = [1, by, ~* * , byms

- l]T exist, we call them symmetric and antisymmetric solutions,
respectively. In fact, if the T, _, is regular, i.e., inverse of 7, _,
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exists, then 4, and B, exist and are given by following formulas
uniquely:

[y, " @yl = =Tttty +nl”
2.4
[bn]’ T, brm]T = _Tr:ll[rl T Ty T gy s Ty rl]T-
2.5)

Let J be the exchange matrix, i.e., a matrix with elements such as
ones on the antidiagonal and zeros otherwise. Then, it is not dif-
ficult to show that 4, is symmetric and B, is antisymmetric, i.e.,
JA, = A,and JB, = —B,. Further, if T, _, = 0, we can show that

1
25, = AT, . \A, = min [1, VT, 11T, | V (2.6)
Vv
1
1
2t, = BIT,,\B, = min [1, V7, —=1]T,,, | V 2.7
|4

1

where V varies over all, not necessarily being symmetric (antisym-
metric), n-dimensional vectors.

Using the one-to-one mapping between an n-dimensional vector
V and a polynomial ¥(z) = [1, z, z%, -+ -, z" 1V, we can define
the corresponding polynomials 4,(z) and B, (z).

There is a lag-two recursion for 4, and B, [4]. The polymonial
version is following: let

m/2 -1
Quy=r,+n + '21 2 j(Fm—j + Tj41)
i=
if m is even
(m—-3)/2
1

j=

'mtn + A2, jTm—j + 1)

m
+ A - 25 2 r 2 s

if m is odd (2.8)

2.9)

then
Ay @ = (1 + dpz + 294, _2@2) — cn2’4n_4(2).  (2.10)
And the symmetric prediction error s, is given by

m/2
S =To * I'msy + _ZI A j(Fm1-5 + 1)), if m is even
j=
(m—1)/2
To+ Inpr + 2
ji=1

A [Ty 1 + 17

+ @ m+ 1)/2 Tm+ 1)/2> if m is odd. (2.11)

Started from the initial values A_(z) = 2, s_; = 2ry, A1(2) = 1
—un/r)z s =gt =20 r), @ =21, @ =1y +
ry — 2(r, /ro) ry, we can calculate A,,, ., and s, by (2.8)-(2.11),
recursively.

Now, we set up some connections between 4, and ®,. Let y,, =
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1+ ¢m—l,m—l) then [3]

m—1

Tot(®py + IR, )

Ym i B m=2,3, -

So

YnAm—2@) = 1@ + 2" ', _, (-)

z
Om—1 = YmSm-2, m=2,3---. 2.12)
On the other hand, it follows from (2.1) and (2.2) that
&, 0 0
T || O |+| 0 |- 40es
Sm-2
0 J®, | 0
sm
0
=l - |. m=23---,
0
Sm
where 7,, = r, + E}":" m—1.jTm-j» ®o = 1. Thus, let x,, =
(Tr/Sm—2), We have
1
A, = ¥, + 2", <;>
- XmZAm—z(Z)s m=2,3 . (213)
Combining (2.12) and (2.13), we have
A (@) + X = Y224y —2(2)
=(1-2)%,1), m=2,3--" 2.14)

From x,, = (7,,/8n-2), (2.12), and the Levinson recursion we
know that

Om = (1 - d’rznm)omf]‘

So, when 7,,, m =0, 1, 2, - - -, are regular, we have |(x,,/y,)|
# 1. Thus, it follows from (2.14) that if 4,,(z) has a root 1 or —1,
then A, _ »(z) also has the same root. Since A_(2) = 2, Ay _ ((£1)
#0,k=0,1,2, ---, and then, substituting 1 and —1 into
(2.14), we have

Ao +1(1)
Xom+1 = Yom+1 = T o

Ay (1)’

_ Ao ea(=1)
Xom+1 F Yome1 = A (=1)
m— |

Let
= _Awma()
" A (1)

and
_ Ay (1)
B Ag 1(=1)

It follow from (2.10) that

O = —<2+d2,,,+, +CZL*—'>,

m— |

c
Brn=2 — dypsr — ﬁl‘,
X _ Qn t By
2m+1 2 >
B - Oy
Yomer = T (2.15a)
where
1 +ay + ay/2 1 —ay +ayp/2
= - = 2.15b)
* T+a2 B 1—a,/2 2.15b)
Thus, we can get ®,,, by the following formulas.
Bomom = Yoam+1 — 1, Pomo =1, b = Gamir + Xams
Prmk = Bmsik F Xom+1%m -1kt~ Yom+1%m—1.k-2
+ Pomi-2» k=2,3,--+,2m— 1 (2.16)

®,,, + | can be calculated by Levinson recursion based on ®,,, and
Somi12me1 = ~Comst/Yom+1)-

Thus, for calculating an ¢, by our method, the major computa-
tional cost comes from (2.8), (2.10), and (2.11); and then, the total
cost is (n?/2) + O(n) in multiplication and (7/8)n% + O(n) in
addition. Comparing with the method in [3], we reduce the cost in
addition by (n2/8) + O(n).

A very important property of the filter ®,(z) is this: all the roots
of &,(z) are outside the unit circle if 7, > 0. There is also a cor-
responding result for the 4, (z) and B, (2).

Lemma 1 [5], [6]: Suppose that T, > 0, then all roots of 4, (z)
and B, (z) must be on the unit circle. Further, for any real coeffi-
cient polynomial P(z) with degree n and integer m = n, if all roots
of P(z) are not inside the unit circle, then all roots of both poly-
nomials P(z) + z"P((1/z)), and P(z) — z" P((1 /z)) are on the unit
circle.

An important connection between classical prediction errors and
eigenvalues of a Toeplitz system is that [2]: all the eigenvalues are
nonnegative if, and only if, all prediction errors are nonnegative.
It comes from the fact that the diagonal matrix diag [gg, 0, * - -,
0, + 1] and the Toeplitz matrix T, , , are congruent for the Cholesky
decomposition. Parallel to such a decomposition, the symmetric
and antisymmetric solutions decompose T, ., [4]. Actually, let

1 0 0 1
ay |1 1 by
V= : = V., v,
a, 1 -1 by
1 0 0 -1
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where the ¥, and V_ are the appropriate block matrices such that
JV,=V,,JV_ = —=V_. Then

VIT, 1V = diag [Sp Sue2s ** * » In-2, Il 2.17)

Also, we have the unitary matrix U such that [8]
U'T,, \U=diag [N, Ny, =+, s g, - -0 1,
U=1U,, U}

where U, and U_ consist of a symmetric and antisymmetric eigen-
vector, respectively; and A, and p, are eigenvalues associated with
symmetric and antisymmetric eigenvector, respectively. Since
Viu. = (Jv,)'(JU.) = -VT U_, we know that Y1 U_ = 0.
Also, VT U, = 0. Thus

dlag [S,,, Sn—20 """ s la-2s tn]

= VT,V =VTUdiag [\, Ay, = * * , pt1s o

VT E, o]|UL
v 0., U-] o E_||lUT Ve V-l

VIU,E. (ViU 0
0 VIU_E_.(VTU)T

"']UTV

where E, diag [N, N\;, - - -] and E_ = diag [u,, 5, - * - ]. So

diag [s,, $p_2, * "1 = Vf— U+E+(V-£ U+)T’

diag [+ ,th_2 tal = VIU_E_(VTU_).

Since VT U, and VT U_ are regular; and diag [s,, s,_,, * * -] and
E,., diag[- ‘-, t;-,, ;] and E_ are congruent matrices, we have
the following lemma.

Lemma 2: The symmetric prediction errors {s,, s, _», * - - } and
the eigenvalues associated with symmetric eigenvector {\,, A,
-+ + }, or the antisymmetric prediction errors {t,, 7, .5, * - * } and
the eigenvalues associated with antisymmetric eigenvector { u;, p,,
-+ + }, have same numbers in positive, negative, and zero.

III. HARMONIC DECOMPOSITION

A very important problem in signal processing and time series
analysis is to find the hidden period, i.e., to find the w;’s in the
following model

p
X, = _El Cj cos (tw; +0) + w,. 3.1
j=

When the {w,} is an i.i.d. sequence, Pisarenko suggested a method
to find w;’s by solving the minimum eigenvalue-eigenvector prob-
lem of the covariance Toeplitz matrix. Some algorithms have been
suggested to reduce the computational cost for this method [1], [2].
The basic idea is to transform the minimum eigenvalue-eigenvec-
tor problem to a classical prediction problem

a(x)
(T, — xD)®(x) = 3.2)
0
where T, should be the theoretical covariance matrix

[ri-jlij=0.1. - .20, 't = E{x,%o}; and ®(x) is the solution of such
a linear system, which depends on a real variable x. In practice,
the [r; ;] is not known and is replaced by the sample covariance
matrix [#_J; ;0. -2 Thus, x is the minimum eigenvalue of
T, if, and only if, o(x) = 0 and Tp, _, — xI = 0. Reference [1]}
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suggests a mixed method of Rayleigh quotient and bisection to solve
this problem. However, [2] argues that for p > 1, most of the
iterations involve bisections. So, they prefer the bisection method
and use the Levinson recursion to solve the equation (3.2) to do
the iteration.

In this section, a more efficient algorithm is introduced to find
the minimum eigenvalue A and corresponding eigenvector based
on the results in the previous section.

First, since we have to use the sample covariance matrix instead
of the theoretical one in practice, there is no significance to cal-
culate the N to a very high precision. In fact, according to the law
of iterated algorithm in probability, the precision of the 7 corre-
sponding to the theoretical covariance r, is O ((log log N/N)'/z),
where N is the sample size (see, for example, [7]). However, all
previous method need a high precision solution for the A (for ex-
ample, 107° suggested in [2]) since otherwise the obtained eigen-
filter may not have all roots on the unit circle. To overcome this,
instead of (3.2) we consider the symmetric prediction equation

S2p—1(%)
0
(T — xD) Ay () = : 3.3)
0
S2p - 1(X)
According to the Lemma 1, the polynomial [1, z, - - ,

2% } A2, _1(x) has all its roots on the unit circle provided that 7,, _,
— xI > 0. The later condition holds if the absolute values of ali
reflect coefficients in (3.2), up to 2p — 2, are smaller than one. So
we only need to find an x such that |x — \| < (C/N'/?) and |¢;; ()|
<1,j=1,2,--+,2p — 2, then A;, _(x) can be taken as an
estimator of the desired eigenfilter of the theoretical covariance
matrix. Experiences show that the estimation precision depends on
the signal noise ratio (SNR) when the sample size N is given. So
we take C = (x/107y). This can reduce the number of iterations
considerably without lost estimate precision.

Secondly, the Rayleight quotient iteration is efficient only if a
good initial value is a_vailable. So, we use the bisection method at
the beginning. However, a modification can be performed to get
some gain without much more computational cost. Since 7>, — xI
= (N — x)I for all x, we have

253 1(0) Ay 1) (T — xiD) Ay - 1 ()
4, - @oll? (]

= N — X

3.4

So, in each iteration the upper bound may be set by x, +
(2835 150 / 1 Ag — x1P).

Thirdly, it has been known that a (2p + 1) X (2p + 1) Toeplitz
matrix has p + 1 symmetric eigenvectors and p antisymmetric ei-
genvectors [8]. Since the desired eigenfilter, which is given by E(z)
=TII(1 — 2 cos w;jz + z%), is a symmetric one, we only need to
find the minimum eigenvalue A among the eigenvalues correspond-
ing to the symmetric eigenvectors. However, to check if A > x,
according to the Lemma 2, we only need to verify whether all
sy, i=1,2,---,p,are positive. This can be performed by
the recursion (2.8)-(2.11) and reduce the computational cost in each
iteration to one-half of the algorithm suggested in [2].

Finally, when the matrix (T, — xI) is regular, we have from
(3.3) that

[a,x), <, a,(x), -, a@]" = —(Th_p —xD7'F (3.5)
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TABLE |
ESTIMATION PRECISION AND NUMBERS OF ITERATIONS®
Number of Iteration Our Method IMSL
Sample
w;’s SNR Size Step 1 Step 11 Coefficient® Average S.D. Average S.D.
0.73 9 100 1.00 2.90 —-1.4903 —-1.4776 0.0107 —1.4776 0.0107
500 1.00 3.00 —1.4794 0.0041 —1.4794 0.0041
1000 1.00 3.00 —1.4909 0.0033 —1.4909 0.0033
-3 100 6.03 0.00 —1.4360 0.1773 —1.4155 0.3261
500 7.00 0.00 —1.4797 0.0704 —1.4929 0.0732
1000 7.27 0.00 —1.4761 0.0476 -1.4772 0.0473
0.73 0 100 2.57 1.54 —-0.9007 -0.7776 0.1079 -0.7716 0.1061
1.77 1.1214 1.1107 0.0753 1.1136 0.0750
500 1.37 2.57 —0.9007 —-0.9017 0.0400 —0.9019 0.0397
1.1214 1.1226 0.0359 1.1227 0.0357
1000 1.10 2.57 —0.9007 —0.7992 0.0255 -0.7993 0.0255
1.1214 1.1171 0.0233 1.1172 0.0233
0.73 2 100 5.96 0.46 -1.3193 —1.3257 0.3307 —1.3477 0.3379
1.36 2.4973 2.4651 0.3405 2.4913 0.3529
1.77 -2.2709 —2.2603 0.5513 -2.2973 0.5665
500 7.77 0.00 —1.3193 —1.3196 0.1306 —-1.3300 0.1313
2.4973 2.4942 0.1300 2.5057 0.1315
—2.2709 -2.2707 0.2157 —2.2777 0.2173
1000 7.42 0.00 —1.3193 —1.3060 0.0725 -1.3126 0.0721
2.4973 2.4749 0.0794 2.4923 0.0793
—2.2709 —2.2473 0.1237 —2.2590 0.1233
“The w;’s and SNR are the same as in [2, table I]. Each model has been simulated 100 times.
“The coefficients of @;, j = 1,2, - - - , mwhere L2 g,z = [I]_ o (1 — 2 cos w;z + 2°).
Note: **Average’” and **S.D.”" are for the sample mean and standard deviation of the 100 estimators in each time, respectively.
“IMSL"’ is for the estimator calculated by the routine EVESF in the software IMSL.
where [1, a\(x), *** , a,(x), * -, ai(x), 1] = Az,,_,(x)T and 7 [0, u] and has the Taylor expansion
=P+ iyt hya, Py f,]T. So, we can give an
analytical representation of the function s, _(x) in (3.3) by fol- 1 5
lowing: S2p-1(X) = $3p—1(Xp) — 2 4z, — )P = x0)
p—1 c n!
Sy x) = Fo — x + ZI G (B + Py ) + ay(X)F, + Fyp - Zz 5 FT(Tyy g — XD 'Flx — xo)",
i= n=
bl X, X < 3.9

Po—x + fy + %L:Zl @G (F + Fpp)) + ()

]

T(Tyy-y — xD)7'F.

b—1
C (P P E. a; () (Fyp—j + 7))

2 2 12
Fo —x + Fyy — 37

(3.6)

Then, the first derivative and the nth derivative of s;,_(x) are
given by

1
S 1) = —1 — EfT(sz_z - xD7*F
a,(x)’ ! ) 1 )
= -1 - "2— - Z aj(X) = - = ”Azp-](-x)" 3.7
j=1 2
(n) nl g -n-13
szp_,(x) = -—7 Fi(Typ-y — xI) r. (3.8)

So, when Tp,_, — xI > 0, i.e., x < p, hereafter u is the min-
imum eigenvalue of Ty, _,, 55, _(x) has negative derivatives with
all rank. This means that s,, _,(x) is decreasing convex function in

Thus, if X, < g, $2, - () — (1/2) li4,, - (PG — xp) s the
first-order approximation of 5, _((x), and the Rayleigh quotient
@ = X + 25510 /1145, 1 (xill?) is the zero of such a poly-
nomial, i.e., the approximate value given by Newton-Raphson’s
method for solving the equation s,,_ (x) = 0. Also, if there is a
X < p such that sy, ()85, () < O, then f, = x, —
(S2p -1k / (52p 1 (8 — $2p -1 (0)) 1 — X) is the approximate
value given by secant (regula falsi) method. Noting that s, _ \(x)
is convex function in (0, u) and (3.4), we have f; > X\ > g, so
(fi + g¢/2) can be the approximate value of \.

Algorithm: Tnitial values: let LBy = 0 and UBy, = f, — max
{li)l’.] = 1’ 2’ T Zp}

Step 1: Let x, = (LB, + UB,/2). Calculate 55, (xp),j = 0, 1,
-+, by the recursion (2.8)—(2.11) until some 55 ;(x;) < Qorj
= p. Let UB; ., = min {UB,, x + (252j4l(xk)/“AZj—l(xk)I|z)}~

¥ (UB,, ; — LB /2 < (x;/108N'/?) and |¢;(x)| < 1,j =

1, -+, 2p — 2, then stop, else
Ifsy_(x)>0,=j=0,1,---,p— 1, and 55, - 1(x) <
0, then UB; = x; and go to Step 2.
Ifsy_(x) >0,j=0,1,---,p, then, LB, ., = x;.
If there is a j, 55— (x0) < O, then LB, = LB,.

Continue Step 1.
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Step 2: Let f, = LBy — 55, (LB (UB; — LBy /155, - (UBy) —
S23p - ((LBY), Gk = ¢ + 255, _(UBY /|43, - 1 x) 11

Letxyo = (fi + 40/2. 1 (g = £)/2 < (5411/107N"/?) and

|¢>2,,_2,2,,_2(xk)| < 1, then stop, else

If 55, (x¢41) < Othen UB,, |, = x; ., else LB, .| = x;.,.

Continue Step 2.

Finally, we point out that the second step can be modified to find
a precise approximate value of A for a large-scale matrix T>,. Let
A'(y) = (Typ—2 — yD)™'F, from (3.9) we know that

PG = 535 1(») — 50Asy _ (DIPx — )
+ Ay, (A (N — P+ A DIPx — A

is the third-order approximation of s,, _(x) by Taylor expansion
provided that x, y < u. So, when we find a x; such that A < x;, <
u, lety = x;, and x; , | be the zero of P(x), we can set up an iteration
to approximate the \ by a forth order of convergence. The addi-
tional computational cost for calculating A’ (x;), which can be ob-
tained as V diag [s3,' 3, * * * , 53] VT 7 by using (2.17), is only
O(p?). The {x;} is decreasing but greater than \, so this iteration
can be performed successively. Further, for a general matrix M,
the above method still works if we use the (3.2) and Cholesky fac-
torization of M ™', which can also be performed by calculating the
classical predictor solutions, instead of (3.3) and the recursion given
by (2.8)-(2.11). Also, the method is able to calculate the eigen-
value of a Toeplitz or symmetric matrix.

(3.10)

IV. SIMULATION RESULTS

The w;’s in (3.1) and SNR are the same as in [2], and the {w,}
in (3.1) in a pseudo-Gaussian white noise, generated by the “‘In-
ternational Mathematical and Statistical Library’” (IMSL) routine
RNNOA. The sample size varies among 100, 500, and 1000. For
each model, 100 sets of samples are generated and processed by
this method. The sample mean and standard deviation of the 100
estimators for the frequency model II(1 — 2 cos w;z + z?%), which
is corresponding to the eigenvector of theoretical covariance matrix
associated with the minimum eigenvalue, are listed on the Table 1.
The frequency is also estimated by the minimum eigenvector of
same sample covariance matrix using the IMSL routine EVESF.
The sample mean and standard deviation of these estimators are
also listed on the table. Comparing the two kinds of statistics, we
can see that the precision is not sacrificed. The average numbers
of iterations, for step 1 and step 2 separately, are also given in the
table. Comparing both the numbers of iterations and the compu-
tational cost for each iteration with that in [2, table I], we can see
the efficiency of our algorithm.
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Separation of Independent Sources from Correlated
Inputs

J. L. Lacoume and P. Ruiz

Abstract—The characterization of independent stationary stochastic
components (sources), is generally achieved by using the spectral ma-
trix of partially correlated measurements, which are linearly related
to the components of interest. In the general case where no assump-
tions are made concerning the way the sources are mixed on the mea-
surements, the spectral matrix is not able to extract the true sources.
While spectral analysis only uses second-order properties of indepen-
dent stochastic sources, a procedure based on higher order analysis
(fourth-order cross cumulants) is developed. This original approach
leads to a complete identification of the sources.

I. INTRODUCTION

In a noisy environment, vibrating sources rotating around the
same frequency f form independent components when any of them
is physically not related to each other. Because of the environment,
the independent components (which will be named sources) cannot
be recorded separately, but are mixed on a set of measurements.
The mixture can be unknown, but is supposed linear. The mea-
surements will be named inputs, and are, because of the mixture,
partially correlated. We are here concerned with the extraction
around frequency f of the independent components from the cor-
related inputs, i.e., with the identification of the mixture. The clas-
sical approaches of the extraction are based on a Gram-Schmidt
orthogonalization of the inputs: MISO [1] or on an eigenvectors
decomposition of the spectral matrix of the inputs [2]. Gram-
Schmidt orthogonalization is used, in particular, in the separation
of vibrating machines [1]. Eigenvectors decomposition is success-
fully used in underwater beamforming, assuming the plane wave
hypothesis for the modelization of the sources [2], and leads to the
MUSIC algorithm. Nevertheless, in the general case where no more
hypothesis than the independency can be formulated, the extraction
of independent components fails by only using the second-order
approach. Our aim is to show that such a problem is overcome
using higher order statistics (moments or cumulants). The use of
third- or fourth-order statistics appeared recently on various do-
mains of signal processing. A synthesis of this new signal charac-
terization and of a large panel of applications are given in [3]. We
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