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Abstract

A probabilistic approach for state space models with
underlying Markov chains z; and observation sequences
y: is explored. Firstly, we establish a recursive formula
for calculating the Cramer-Rao (C-R) lower bound for a
general state space model with a transit pdf p (z:|z:—1)
and conditional p (y:|z:). Secondly, we apply the C-
R bound to several models, including FM demodula-
tion models and outlier noise models. Sometimes sim-
ple Kalman Filter (KF) can attend the efficiency even
for non-Gaussian cases. Sometimes Extended Kalman
Filter (EKF) based methods, like Phase Locked Loop
(PLL), can achieve the efficiency for non-linear mod-
els. To study the performance of non-linear filters
like PLL, an algebraic approach is given for calculat-
ing the stationary distribution of these filters when it
exists. However, there are also cases that both KF
and EKF are far away from efficiency. Thirdly, two
novel techniques are suggested when conventional fil-
tering methods are inefficient. One is based on Gaus-
sian approximations for p(x:|z;—1) and p(y:|z:) by
Taylor expansion or maximum entropy method. Then
an identity for Gaussian density products can be used
to derive non-linear filters. The other is based on so-
called Partial Conditional Expectations (PCE) §in =
E(zi|yt, ¥t—1, --» Yt—n+1) Which can be viewed as a non-
linear transform of observations. Then optimal linear
filters can be derived for tracking z; based on ..
Simulation results show that under some circumstances
these two approaches really can achieve the efficiency.
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1 Introduction.

State space models have been of interest in both the-
oretical and practical aspects of a variety of areas [1-
3]. Usually these models are expressed in their time
domain form. In this paper, we consider a prob-
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abilistic formulation as well. Following the Hidden
Markov Model (HMM) approach [3], a state space
model can be stated as: An n-—dimensional Markov
chain {z;,t =0,1,2,...} with a transit pdf p (z:|z,—1)
is related to an m—dimensional observation sequence
{y,t =1,2,...} by a conditional pdf p(y:|z:). In this
paper, we assume that z; and y; are continuous random
variables, although some results, with suitable modifi-
cations, can be used for discrete HMM as well. Two
examples often discussed in the literature are the out-
lier model and the Frequency demodulation model: Let
T, H,o2 and o2 be appropriate matrices, my be appro-
priate vectors, w; be non-negative weights with sum
one, G (z; 11, X) be the Gaussian pdf with mean x and
variance X, i.e.,

exp [—1 (z — 1) =71 (z - p)]
(7)™ det (T) '
The Outlier Model [4] (Gaussian sum [5])

Gl p, ) = 1

Yt = H.’Et + v,
(2)

@y = Txsy +ue, wg ~ N (0,02);
is equivalent to

p(@e|zi—1) = G (z; Tx1-1,03) 3)
p(yelze) = Y b wkG (ye; Hot + mi, 07) -

The Frequency Demodulation [6, 7] model

sinz
Ty = Ty1 + U, yt=A[ cosxi ] + v, (4)

is equivalent to

p(zelze-1) = G (zt;Te-1,02)

sinz; | o I (5)
y Oy .

plylee) =Gy A cos 2

Based on the observation Y; = [y],...,;]’, we want to
obtain a fast and efficient algorithm to estimate z;.
The algorithm developed, using conventional computer
techniques, should be performed in real time. Also, the
estimator %, should be efficient in the sense of minimum
Mean Square Error (MSE), i.e., E [(z: — %) (¢ — £¢)’]
should close to its lower bound.

Theoretically, the optimal estimator is E (z:|Y;) which
can be calculated by Bayesian formulae (p174 in [1]).
However, difficulties arise in calculation. Although
computer techniques have developed so rapidly and
many numerical methods have been investigated [8],
calculating E (z,!Y}) is extremely difficult. A recent de-
velopment in this direction is the Markov Chain Monte
Carlo (MCMC) method. Even though MCMC is theo-
retically sound, the question of how many samples we
need to obtain a reliable result is still open [9]. Fur-
thermore, MCMC cannot provide on-line and in real
time solutions in general cases which are necessary for
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applications in communications, automatic control and
signal processing.

In this article, we establish a recursive formula for cal-
culating the Cramer-Rao (C-R) bound of general non-
linear and non-Gaussian state space models in Section
2. Although we are estimating a stochastic process
{z:} instead of a fixed parameter, the C-R bound is
still valid {10]. For non-linear but somehow Gaussian
noise models, C-R bounds were calculated by Riccati
equation {11-13]. Based on the structure of general
Fisher information matrices, we derive a more general
formula. This formula allows us to calculate the C-R
bound of very general state space models recursively.
Then, in Section 3, we find that sometimes even a sim-
ple Kalman filter is efficient for non-Gaussian noise.
Based on a an algebraic approach for calculating lim-
iting distribution of a ergodic Markov chain, we can
show that sometimes Extended Kalman Filter (EKF)
is also efficient. For example, EKF-based Phase Locked
Loop (PLL) is efficient for FM demodulation when the
variance of the model noise is small and the Signal
to Noise Ratio (SNR) is high. However, sometimes
these methods are far away from efficiency. For the
later cases, we develop several novel non-linear filter-
ing methods based on probabilistic approaches in Sec-
tion 4. One is based on Gaussian approximations for
p(zt|z¢e—1) and p (y]z:) by Taylor expansion or maxi-
mum entropy criterion. Then an identity for Gaussian
density products [17] can be used to derive non-linear
filters. The other is based on so-called Partial Condi-
tional Expectations (PCE) §; = E (zt|yt, Yt—1, --» Yt—k)
which can be viewed as a non-linear transform of obser-
vations {yt,yt—1, ..., Yt—k } t0 obtain the optimal corre-
lation to ;. Then optimal linear filters can be derived
for tracking z; based on {§:}. Simulation results show
that under some circumstances these approaches really
can achieve the efficiency.

2 Cramer-Rao Lower Bound

Consider estimating an n-dimensional random variable
X on the basis of an m-dimensional observation Y.
Similar to the standard C-R bound, we have [10-13]:

Lemma 1 Assume that X and Y satisfy the regular
condition. Then for all regular estimators of X consist-

ing of an n-dimensional Borel function of Y, namely
FY), we have

E{X-fMIX-r)}

> XY = {E [alogg)((XlY) Bloggé.IYIY)] }—1
- ey

Definition 1 For a state space model, let X; =

0,0,..,0 Inxn
N——
(t—1)xn

the Fisher information matriz and the C-R bound for

estimating z; as

_g [ logp (X:|Y:)
8X,0X! ’
Biio1 = LI(X|Yio1) VI, Bo = RI(X|Y:) ™,

[z,laxé)"')x’t],; Jt = , we deﬁne

I(X|Y2)

Theorem 2 For a state space model with p (x¢|ci—1)
and p (y¢|z:) satisfying the regular condition, let

L, (wlz) = -E :ﬂ%gxiﬂ(—zlm] ,
L, (ze|oey) = -E -@%T“l)] ,
L, , (zl|ze1) = —-E 62_;;%%;;%*1—1)] .

2
Then, starting from By = —E [8—;%%%:—“1] , we have
the recursive formulae

By
= {Izt (l‘tlﬂ?t_l) - Iﬂ:z—x@t (Ztlﬁt_l)

. -1 —
X [Bt_—ll + Ixt—l (.xtlxt—l)] I;g..l,zg (zt’zt—l)} 1’

—1 -1
B [Izg (ytlze) + Bt[t—l]

-1
Byjs—_1 — Byjt—1 [I;,I (vtlzt) + Byt—1]~ Bije—1-

Corollary 3 If a state space model has a linear Gaus-
stan state equation

r=Tir1+w, uwu~N (0,03,0 ; (6)

the C-R bound satisfies the following Riccati equation:

By = {In (velze) + [T Be1 T} + 0'«2;,1:]—1}—1- (M
In addition, if a constant dynamic system
T,=T, on,=0s, I (ule)=1I,
satisfies the stable or completely detectable conditions

(p77 in [2]), there is a limit C-R bound, namely B,
given by the following equation

111
B = lim B, = [I,+ (TBT' +o2) ‘] . @®)
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3 Efficiency for Outlier and Frequency
Demodulation Models, Calculating Limiting
Distribution of Ergodic Mackov Chains.

Outlier Model.
scalar,

In (2), let both {z:} and {y} be

c'r,c-i-m,c

vor () =3 w2

the best linear filter is given by the Kalman filter

{5:,_:

We can show that

st =05 (T?stm1+02) / (02 + T?s¢ -1 + 02

. V162 (1 = T?) + 02 + 4T%3%02

o 212
02 (1-T?) + o2
— ( 2112) u. (9)
On the other hand,
L - E[apmm) 1 ]2
. =
Oz p(yelze)
2
/[Ek—l % (v — mk)G(vt;nu,a,E)]
- s e (e, o)
When inf;z; L’E‘%}:ﬂ > 3, there is a partition

{Ik, =1,2...,p} such that G(vt,m,, 0?) =~ 0 for all
7 # k when v, € I, then I, = —5— Thus,

VI =T2) /L + 03 +4T%2/ 1.
2772

B hm Bt‘-:
(1—112)/-[@‘*'0'
277

(10)

Calculating S in (9) and B in (10), we can see that
Kalman filter is efficient enough and non-linear filtering
may not be necessary when |T| < .6 and 02 < .01
However, a big difference occurs for large 7. When 7' =
1 (random walk state model used in [4]) and 02 > .01,
the C-R bound is only about one-sixth of the linear
limit. In such a case, non-linear filtering is necessary.

Frequency Demodulation: The model (4) and
its modified versions are very important and have
been widely investigated in communications, radar and
sonar frequency tracking and other areas [2, 3, 6, 7, 10].
EKF was used for this problem as a successful example
[2]. The well-known technique PLL in communications
can be derived from EKF [2, 3, 10].

[Tafa":t_l + (T23t—1 + o, ) yt] (0’3 + T281.2_)1 -+ 0’12‘) s

Taking the first order Taylor expansion in (4),

weal |+

then the EKF [2] is

A3, - 1+0’ N e A
{ &t = B1-1 + WL geayier | COSE-1 —sinden Ju,

COS Ty—1
—sin .’i‘t_

sinZy_1 .
. Ty — Tp_1)4v
o8 &1 ]( t t—1)+Vt,

(11)

1

2
o, St—1+0,

St = AT(sy 1 ¥ol)+o2
(12)
‘We can show that
1+ 4'1"‘7 1
si— S = ; % 52 (13)

Then, let G = ﬁéi—j;;—_%, K = AG,we have the

limit Kalman filter

Se=21+G[ cosdr_y —sinZ1 |y (14)
Above the “threshold of
linear PLL” [10], sin (z; — ;1) & @Tp—1 ~ $e—1 + Uz,
0

¢ ~ Ky + (1 — K) #4—1 + Ges, (15)
where & = [ cosZ_1 —sinZ.1 |v is Gaussian

white noise. Thus, using (13), we can show that under
(15) the limit MSE of EKF-PLL is

o2 (1 —K)?+G%2
1-(1-K)?

2

=S

Jlim E (z, — 2) (16)

On the other hand, it follows from (5) that

A )]

Substituting this into (8), we confirm that the C-R
bound for this model is exactly the same as the limit
MSE of EKF-PLL given in (16). However, (16) holds
only if the approximation (15) is valid. Below the
“threshold of linear PLL"”, we need the following more
sophisticated technique to analyze EKF-PLL.

A
=)
U‘U

CO8 Ty
—sinx;

I,,.=E[

Limiting distribution of ergodic Markov chain.
Let %, = 2, — #: (mod %), it follows from (14) that

(17)

We can show that it is a Harris ergodic Markov chain.
So, starting from any initial distribution, we will obtain
the same limiting distribution. The problem is how
to find its limiting distribution? For continuous time
case, a close form solution is showed in [14]. However,
there is no close form in our case and only a numeri-
cal method based on Fourier transform is investigated
[15]. General methods for calculating limiting distri-
bution can be found in [16]. Here we introduce a novel
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method for calculating the distribution of general er-
godic Markov chains so that many non-linear filters
can be analyzed more accurately.

For an ergodic discrete time, continuous state Markov
chain {z.} with transit pdf p(z|y) on a finite 2D sup-
port set I let {ar}, —00 < ap < ag < ary1 < an < 00,
be a partition of z}s state space such that ax —ax_1 =
=20 = A. Let 7 (z) be the limiting distribution of
{x:} and

™
Qs -
T = / w(z)dz, M,=| . |,
ap-1 :
7rn
and
o gj-1+a; . Gk-1+0a
.’E] = 2 2 2 1 yk = —2 ,
5 P (25]ix) A .
Pei = S/ 7o B, = kil .
’ Z?=1p($jlyk)’ " [P J]'-.:=1.2,...,,. ’
[ 1 1 w1
9 —p 1-p '
Qn = . P12 ' bp22 Pn2 ’
| —Pin ~Pon 1-— ﬁnn
[ 7 1
~ 7?‘2 N 0
Hn = . =Q;;1 ’
[ n 0
b o= [BFm Ezmo Bam ],

Theorem 4 Under above notations, assume that
p(zly) is continuous on the finite support set II,we have
6062 — 0 as n — co. Then

> #i; = im E (z;) = [ o7 (z) de,
Y; [ — B (2e)* #; — lim Var (z:)
= [z — E(z:)]* v (z) dz.

Combined with C-R bound, this result can be used
for calculating the efficiency of PLL as well as other
interesting things such as average jumping times. In
general, this approach allows us to analyze the perfor-
mance of many non-linear filters.

4 Gaussian approximation and hybrid filters
based on partial conditional expectation
transformation and linear projection

In cases that the conventional methods like KF and
EKF, which can be viewed as approximations in time
domain, are far away from efficiency, we suggest several
ways for approximations in probabilistic domain. First
of all, we have the following result [17):

Lemma 5 Suppose that x and py are n-dimensional
vectors, o is a m-dimensional vector, ¥y and ¥y are
n X n and m X m positive definite matrices respectively,
T is an arbitrary m x n matriz. Let

E= (S +TET) T, p=E (S TS )

then we have

G (z;m,%1) G (Tw; pg, Lo)
= G (z; 14, Z) G (Ta; pia, T2 + TELT'), (18)

D=5 -0 T (S +ToT) 7 TS, (19)
p=p+ TS5 (ue — Th) - (20)

Gaussian approximation via Taylor expansion in
probabilistic domain. For a non-linear state space
model with Gaussian or exponential family distribu-
tions, we may obtain & good Gaussian approximation
by taking the first three terms in the Taylor expansion
for the non-linear function in p (z¢|z¢_1) and p (y:|zs) .
In contrast to EKF which takes the first two terms of
the Taylor expansion in time domain models, this ap-
proximation may be more accurate.

For the Frequency Demodulation model (5}, let y: =
pe [sin c, cos o], then

_p? —2piAcos (zy — o) + A2
202

1

p(yelze) = ol P (

' (21)
When 2£ is not too small, on each interval [o + (2k—
1)m, o -+f(2k + 1)m], k =0, £1, ..., this function is very
close to a normal pdf with the mode at oy +2kw. Since
we consider p (y:|:) G (2+; £:—1, 3¢jt—1) in the Bayesian
formula, if s¢¢—, is not too large, we only need to con-
sider- the approximation on the interval which covers
#¢-1. Choosing oy such that |y — £;—1| < 7 and ap-
proximating cos (z; — o) by 1 — (z: — o) /2 in (21),
when sy;—; is not too large (<1, say), we obtain the
following approximation: For |z; — ax| <,

— A)? o2
P(ys|es) ~ \/-2-17?% €xp (* (ptza;) ) G (xt; Qs m—t‘l) .
(22)
Thus, applying Lemma 5 to the Bayesian formula con-
sisting of p (z¢|z¢-1) in (5) and p(ye|x¢) in (22), we have
the following algorithm:

2
Stt--1 = st-;‘l +0u
A A Pt !a:—ra—lz'
Tt = Te-1 + o4pi ASeje_1’ (23)
8s = LT
t = 0 piAsye-1

This algorithm can also attain the C-R bound for the
model (4) provided (22) holds. The condition (22) is
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easily to be checked since it does not depend on previ-
ous estimator Z;_; too much. The full details of this
method for the FM demodulation case are in {17].

Gaussian approximation via by maximum en-
tropy criterion. For a general state space model with
p(zelzs-1) and p(ye|z:), start from initial values &g
and sg, calculate the following estimators recursively:

Typr = /xt/p(l'tlxt—l)G(l't—l;:it—last—l)dxt—ldxt,

i

Stit—1

/ (e — Bye-)”

X [/P(-’Btlmt—l) G($t—1;§3t~1,8t—-1)d$t—1] dz;,

C = /p(ytlxt)G(zt;jt|t—-1y3t|t—1) dzy,

. J zep (yelze) G (5 Bejp—1, See—1) deze
ry = s
C: _
. = [ (@t = )2 p (wele) G (45 Bojp—1, 84111 A
t - .

Ce

Here, assume that p (z:—1|Y:—1) = G (zi—-1; Ft-1, 5e~1)
is Gaussian, we calculate the conditional expectation
and variance. Based on this information (constraints),
the maximum entropy distribution must be a Gaussian
distribution with the same conditional expectation and
variance. Thus, we obtain a Gaussian approximation.
This method has been applied to the outlier model (2)
and had good results.

Hybrid filters based on partial conditional ex-
pectation transformation and linear projection.
Linear filters are based on “CORRELATION” in time
domain instead of “DEPENDENCE” in probabilistic
domain. They involve “PROJECTION” that is based
on the first and second moments instead of the distri-
butions. This is why linear filters are much simple and
fast but may not be always efficient. In such a light,
we may use the information in distributions to design
a suitable non-linear transform to convert “DEPEN-
DENCE” into “CORRELATION”. Then simple and
fast linear filters can be applied to the transferred ob-
servations. The first question is how to find the best
transformation? We have the following answer:

Lemma 6 Let & andn be p—vector and q—vector r.v.’s
with finite second moments. Then for any Borel func-

tion f : R? — RP, no matter linear or non-linear,
such that E|f(n)|? < oo, we have

ESEE]? |E[E'f(m)]?
E§PEE(@E)|? ~ EIEREIf()]*

This coincides with that the Total Conditional Ex-
pectation (TEC) E(x¢|ly,ve—1,...,y1) is the globally

optimal. However, to calculate TCE is usually not
possible: Even for the outlier model with p compo-
nents, Lemma 5 tells us that computational complex-
ity is O (p*) . However, the Partial Conditional Expec-
tation (PCE) §t,n = E(Zt|ys, Yt—1, - Yt—n+1) is usu-
ally tractable for not too large n, though PCE does
not utilize the information in the whole history. So we
take PCE as the non-linear transform to increase cor-
relation between z; and observations firstly and design
a linear filter to track z; based on the whole history
{#t,n,t =n,n+1,...} secondly. To perform the second
step, we need the following results:

Theorem 7 Suppose that {{z¢,y:],t =0,1,...} is sec-
ond order stationary and {z:} satisfies

Ty = pTi1 + Uz, E(’U-t) =0, (24)

where u; 1s independent to {ys—x, k> 0}. Let e, =
Jt,n—Projua—1)ytm, H(t—1) be the Hilbert space
spanned by {§t—1,n, Jt—2,n, ---J1,n} . The best linear pre-
dictor of z; on the basis of {Jkn,k <t} is given by

E (ztet,n)

Ztn = Proju—1)%t,n = pTt—1,n + —E-@—)et,n-
t,n
The prediction error is
- E Ti€y, 2
Stn = B (20 — £4,0)° = pPS01,n + 0% — [_—E(Té’—ll))—]‘
t,n

In particular, &;; = E(z:|Y]) is the best predictor
among all linear and non-linear functions of Y{. In this
case we have

et = Jet — PUt—1,t~1, E(Ztet,t) =FE (e?,t) -

Corollary 8 When {z:,y:} is stationary (p| < 1 in
(24)), we have

E(zietn) — Sze(n), E (ef’n) — See (1),

as t — oc.

So, we have an approzimately linear optimal time-
invariant filter

~ ~ Sxe n
Ttn = PLi—_1n + 5. Eng €t,n, (25)

oa— Sge (1) /See (7)

E(z:—20)?— 8S(n) = - )

Corollary 9 When p = 1 in (24), let v, = ¢ —
Dtny  Ztn = Jtn — Gem1.m,y then {Vtn, Zea} is station-
ary. Then

Tyn = ProjH('g:,nﬂTt-—l.ny-”)j}t'n
= ?}t,n + PrOjH(zt.nyzt—l.nv"')/Ut’n'. (26)
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Using these results and Lemma, 5 to the outlier model,
we have

7

P
P@ele, Y1, oes Ys—n) = D WG (26 pFis 5T
=1
SO

p"
?}t,n = E("L't|"Jty Yt-15.- ?It—n) = Z u,t","il‘l'zi‘

i=1

To calculate the parameters in (25) and (26), we need
the covariance functions of {z, § »} in Corollary 8 or
{vt,n, 2t n} in Corollary 9. Two methods can be con-
sidered: 1. Numerical integration based on the proba-
bilistic structure; 2. Monte Carlo method to generate
the sample covariance functions. Though Method 2
also involves Monte Carlo, comparing with MCMC, we
only need that in designing the linear filter of {f: .} .
After the design, on-line in-real time solution will be
obtained. On the basis of covariance functions, a vari-
ety of time series models, like AR, MA (FIR) or ARMA
(ITIR) models, can be used to fit {z¢,J:n} in Corollary
8 or {v;n,zn} in Corollary 9. Simulation was done
and show that for very low SNR and rapidly changed
signals, this method may be superior than others.
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